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Exploiting novel aspects of the quantum geometry of charged particles in a magnetic field via
gauge-invariant variables, we provide tangible connections between the response of quantum Hall
fluids to non-uniform electric fields and the characteristic geometry of electronic motion in the
presence of magnetic and electric fields. The geometric picture we provide motivates the following
conjecture: non-uniform electric fields mimic the presence of spatial curvature. Consequently, the
gravitational coupling constant also appears in the charge response to non-uniform electric fields.
I. INTRODUCTION
Quantum Hall states were the first examples of topo-
logical quantum states of matter to be discovered [1, 2].
They continue to serve as paradigmatic models of topo-
logical quantum states of matter [3, 4]. The defining char-
acteristic of these states is the topologically protected
quantization of their eponymous conductance property.
Less well known is the quantization of their gravitational
coupling constant, which characterizes charge response
to spatial curvature in the continuum [5] and on lattices
[6]. There is an active quest to understand the topological
protection of the gravitational coupling constant in terms
of fundamental physical principles [7]. A flurry of recent
developments have connected the gravitational coupling
constant to response coefficients for a fundamentally dif-
ferent type of perturbation due to non-uniform electric
fields. Specifically, using effective topological field theory
techniques, the gravitational coupling constant is propor-
tional to the anomalous viscosity [8, 9] and appears in the
current response to non-uniform electric fields [10]. What
foundational basis underlies the appearance of the grav-
itational coupling constant in these disparate contexts?
Herein we address this question and provide tangible con-
nections between the response of quantum Hall fluids to
non-uniform electric fields, and the characteristic geome-
try of electronic motion in the presence of magnetic and
electric fields. The geometric picture we provide moti-
vates the following conjecture: non-uniform electric fields
mimic the presence of spatial curvature. Consequently,
the gravitational coupling constant also appears in the
charge response to non-uniform electric fields.
To elucidate the characteristic geometry of electronic
motion in a magnetic field we introduce an explicitly
gauge-invariant quantum description of quantum Hall
systems, and thus a calculational framework naturally
suited for describing attendant physics. Our formulation
is based on the semiclassical description of quantum Hall
physics in terms of gauge invariant variables (operators),
the kinetic momenta (pi) and guiding center coordinates
(R), respectively defined as [11]
pi = p+ eA, R = r +
(
`2/~
)
zˆ × pi. (1)
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FIG. 1. A geometric summary of how a non-uniform electric
field, E, deforms a cyclotron orbit. The changes can be ex-
pressed in terms of a vector field, ∆(R) (Eq. (26b)), and a
shearing field, Λ(R) (Eq. (29b)). The new orbit is shifted by
amount δ(R) = zˆ×∆(R) with respect to the original center,
R, and acquires a drift velocity, vd = ∆(R). The orbit is
also sheared into an ellipse with aspect ratio λ2; see Eq. (35)
and accompanying text for details. The guiding center coor-
dinate, R, labels the field-free orbit center while the kinetic
momentum, pi, gives the velocity of the electron (Eq. (1)).
` =
√
~/eB is the magnetic length and we will orient
our z-axis along the magnetic field, B = Bzˆ. These
operators satisfy the commutation relations:
[Rx, Ry] = i`
2, [piy, pix] = i~2/`2; (2)
pi and R commute with each other. Our quantum for-
malism uses these gauge-invariant operators (variables),
henceforth referred to as GIVs. These replace real-space
position operators and gauge-sensitive canonical momen-
tum operators in the traditional description of the quan-
tum Hilbert space in the Schro¨dinger formalism. Here
we focus on the single particle physics of electrons in the
presence of a magnetic field; the extension of this formal-
ism to the interacting case has been presented elsewhere
[12].
Below we show how the GIV formalism naturally and
elegantly yields Landau quantization and the extensive
degeneracy of Landau levels [13–15]. The geometry en-
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2capsulated by the commutation relations of the guiding
center operators, Eq. (2), is reflected in the characteris-
tic form of equations of motion of these operators in an
electric field. These can be used to derive quantization of
the Hall conductance in the presence of potential (elec-
trostatic) disorder. The guiding center operators have
also been used to construct the guiding center density
operators [16] which describe collective excitations in the
fractional quantum Hall phases [17, 18]. Recently, these
operators have been used to generate a family of varia-
tional deformed Laughlin states; these were then used to
obtain a geometric theory of the collective mode excita-
tion and its connection to the anomalous non-dissipative
viscosity of quantum Hall states [19].
While a plethora of works have exploited the operator
algebra of the GIVs, calculations utilizing Schro¨dinger
wave mechanics in the GIV Hilbert space representation
are uncommon [20, 21]. In this paper we present such
a calculation for non-interacting electrons in a Landau
level using wavefunctions in the GIV basis to concep-
tualize the shearing of cyclotron orbits in the presence
of non-uniform electric fields (Figure 1). We find that
the Hall viscosity contribution in the current response
[8, 10] is a direct consequence of shearing of cyclotron
orbits. Our formalism directly connects the shearing of
cyclotron orbits, i.e., a change in the effective Galilean
metric, to the non-uniformity of electric fields. We cal-
culate the effective spatial curvature induced by the elec-
tric field, Eq. (27) and predict that the gravitational re-
sponse of integer quantum Hall states also appears in the
charge response to non-uniform electric fields. We con-
firm our predictions with numerical calculations and con-
clude with a conjecture regarding the extension of these
results to fractional quantum Hall states.
This paper is structured as follows: In Section II we
define the GIV representation of the Hilbert space of pla-
nar charged particles in the presence of a uniform mag-
netic flux. Next, we establish how conventional wave-
functions in a variety of gauge choices can be recast in
our gauge-invariant language. In Section III the action of
a non-uniform electric field on the cyclotron orbits is con-
sidered. In Section III A we introduce the Landau-level
projection, i.e., the simplest approximation, to derive a
low energy effective Hamiltonian and some basic prop-
erties of quantum Hall states. We improve this picture
in Section III B to derive an effective Hamiltonian which
yields our main results for the geometric changes to the
cyclotron orbits depicted in Figure 1. These results are
utilized in Section III C to calculate, using Wigner pseu-
doprobability functions, the non-uniform current and
charge densities induced by the electric field.
II. WAVEFUNCTIONS IN THE GIV
FORMALISM
For brevity, we set the magnetic length (`), electronic
charge (e) and ~ to unity. In places where we consider
a specific Hamiltonian we assume a quadratic dispersion
for electrons with unit mass (m) and ignore the effects of
spin.
The commutation relations between the GIVs [11],
[Rx, Ry] = i, [piy, pix] = i, [pii, Rj ] = 0, (3)
are canonical and analogous to the canonical commuta-
tion relations between the 2D coordinates and canonical
momenta:
[x, px] = i, [y, py] = i, [(x, px), (y, py)] = 0. (4)
Thus, the GIVs can be obtained from the canonical co-
ordinates and momenta via a canonical transformation:
a unitary transformation exists from the orthonormal
quantum Hilbert space basis labeled by the coordinates,
{|x, y〉}, to another labeled by the values of one operator
from each of the canonical pairs in Eq. (3). For example,
{|Rx, piy〉}, labeled by the eigenvalues of the operators
(Rx, piy), form one such orthonormal basis. It is well
known that the Hilbert space can be labeled by any of
the following orthonormal bases: {|px, y〉}, {|x, py〉}, or
{|px, py〉}. Analogously, alternate GIV representations
are possible: {|Ry, piy〉}, {|Rx, pix〉} or {|Ry, pix〉}.
To illustrate use of this formalism, we derive the
unitary transformation matrix elements 〈x, y|Rx, piy〉 ≡
χ(x, y), i.e., the wave function of a GIV basis state
in the conventional coordinate (Schro¨dinger) representa-
tion. By definition, χ(x, y) is the simultaneous eigenstate
of Rˆx and pˆiy, with eigenvalues Rx and piy respectively.
Since the coordinate representation is gauge-dependent,
we will need to choose a gauge for the magnetic vec-
tor potential, A. First, we consider the Landau gauge,
ALan = xyˆ (note that B = 1 in our units). The eigen-
value conditions become:
i∂yχ = Rxχ, −i∂yχ+ xχ = piyχ. (5)
The (unnormalized) solution is
χLan(x, y) ∝ δ(x−Rx − piy)e−iRxy. (6)
Alternately, we can find χ(x, y) in the symmetric gauge,
Asym = (−yxˆ+ xyˆ) /2:
χsym(x, y) ∝ δ(x−Rx − piy)e−iRxyei
xy
2 . (7)
Despite the necessity to gauge-fix {|x, y〉}, the GIV
states {|Rx, piy〉} are themselves invariant under gauge
transformations. Consequently, χLan and χsym differ only
by a GIV-independent phase factor; the corresponding
phase, φ = xy/2, satisfies ∇φ = ALan −Asym.
Within the GIV formalism, now consider the energy
eigenstates of an electron in 2D experiencing a perpen-
dicular magnetic field. Assuming minimal coupling to
the gauge field, the Hamiltonian is of the form:
H = K(p+ eA)− V (r) ≡ K(pi)− V (R+ pi × zˆ). (8)
3Here, K denotes the kinetic operator. V is the local
electrostatic potential which includes contributions both
from externally applied fields and local electrostatic irreg-
ularities in the material; the negative sign results from
the sign of electronic charge. When V = 0, since the
Hamiltonian is only a function of the kinetic momenta,
the eigenstates in the GIV basis {|Rx, piy〉} can be found
by separation of variables:
Ψ(Rx, piy) = ψ(Rx)η(piy). (9)
For quadratic dispersion, K(pi) = pi2/2, the commuta-
tion relations, Eq. (3), imply that the Hamiltonian is
equivalent to that of a quantum simple harmonic oscilla-
tor with energies [22] and eigenfunctions [23] of the form:
K(pi)ηn(piy) = χnηn(piy), n = 0, 1, . . . ,
χn = n+
1
2
, ηn(piy) =
e−pi
2
yHn(piy)√
2nn!
√
pi
. (10)
Thus, the discrete nature of the eigenvalue spectrum of
K(pi) arises from the commutation relations satisfied by
the kinetic momenta GIVs and defines the familiar elec-
tronic Landau levels (LLs). The kinetic operator does
not affect the guiding center part of the wavefunction,
ψ(Rx), an arbitrary function, resulting in the high degen-
eracy of the Landau levels. This degeneracy is countable;
the countability arises from the canonical commutation
relation satisfied by the guiding center variables. This
degeneracy can be counted using von Neumann’s result
that the phase space density of quantum states is (2pi)−1
[24]. Thus, in the guiding center phase space, i.e., the 2D
space spanned by (Rx, Ry), there is one quantum state
corresponding to each area of 2pi. This area corresponds
to an equal area in real space, since the guiding center
corresponds to the real-space location of the cyclotron
orbit center. Putting together these results and restor-
ing units, we arrive at the well-known result: inside a
Landau level, there is an extensive degeneracy arising
from the existence of one quantum state per real space
area of 2pi`2 = (h/e)/B, i.e., the area pierced by one flux
quantum, φ0 = h/e.
The gauge-invariant nature of the GIV quantum ba-
sis allows for straightforward visualization and represen-
tation of Landau level wavefunctions. The popularly-
used wavefunctions in the Landau (L) and symmetric
(S) gauges in the LL with index n become simply [13]:
ΨL = δ(Rx −X)ηn(piy), (11)
ΨS = ηm(Rx)ηn(piy). (12)
These are respectively parametrized by X, the x-
coordinate of the guiding center, and m = 0, 1, . . ., the
eigenvalue of the operator (R2x + R
2
y − 1)/2. Note that
the kinetic momentum-dependent part of the wavefunc-
tion is the same for both: it is fixed for a given LL. Thus
written, these wavefunctions are gauge-independent. The
corresponding Schro¨dinger wavefunctions in any gauge
can be calculated using the appropriate unitary trans-
formation. It is straightforward to convert ΨS , the con-
ventional wavefunctions used in the symmetric gauge, to
the Landau gauge using the unitary transform derived in
Eq. (6):
ΨS(x, y) =
∫∫
dRxdpiy χ(x, y)ηm(Rx)ηn(piy)
∝ e− x
2+y2−2ixy
4 (x− iy)n−mLn−mm
(
x2 + y2
2
)
. (13)
Here, Lαn are the associated Legendre polynomials [25].
This result can be verified by straightforward computa-
tion of the integral. Comparison with conventional wave-
functions in the circular gauge [13] shows that the above
expression differs only by a factor of eixy/2. This is as
expected since the gradient of xy/2 accounts for the dif-
ference between the symmetric and Landau gauge vector
potentials.
III. MOTION IN A NON-UNIFORM ELECTRIC
FIELD
Consider the general Hamiltonian in Eq. (8), with
quadratically dispersing kinetic energy, which describes
electronic motion in the presence of crossed uniform mag-
netic and non-uniform electric fields:
H = (p+A)
2
2
− V (r) ≡ pi
2
2
− V (R+ pi × zˆ). (14)
Our objective in this section is to calculate the local
charge and current density operators as linear gradi-
ent expansions in the electrostatic potential V . We will
also relate a subset of these expansion coefficients to ap-
parently unrelated topological quantities, which describe
electronic response to geometrical real space (gravita-
tional) perturbations to cyclotron motion [5, 10]. The lo-
cal charge and current operators are expressed in terms of
the GIVs as follows. (Operators have been distinguished
from c-numbers using carets in what follows. However, zˆ
is the unit vector along the z-direction.)
ρˆ(r) = δ(rˆ − r) = δ(Rˆ+ pˆi × zˆ − r), (15a)
jˆ(r) =
{vˆ, δ(rˆ − r)}
2
=
{
pi, δ(Rˆ+ pˆi × zˆ − r)
}
2
. (15b)
Here vˆ = i [H, r] = pˆi is the velocity operator.
We assume that the potential V is weak and varies
slowly in space; specifically, that its variation over a mag-
netic length is negligible compared to the inter-Landau
level energy gap. This condition needs to be satisfied
for the electronic motion to exhibit topological transport
properties of the associated Landau level. In chosen units
the inter-Landau level energy gap is unity. (It is equal to
~ωc, where ωc = eB/m = 1 is the cyclotron frequency,
i.e., the angular frequency of classical cyclotron motion.)
4Thus, the condition that V is weak and slowly varying is
equivalent to the following set of conditions in our chosen
units:
∂mr V (r) 1, m = 1, 2 . . . . (16)
The condition on V can be used to approximate the op-
erator, V (r), by the first few terms of the Taylor series,
V (r) ≡ V (R+ pi × zˆ)
= V (R) + (∂aV (R)) (appip) +
1
2
(∂2abV (R)) (apbqpippiq)
+
1
6
(∂3abcV (R)) (apbqcrpippiqpir) + . . . . (17)
We have used the Einstein convention for summation
of repeated indices (over the two values x and y) and
the two dimensional Levi-Civita tensor xx = yy = 0,
xy = −yx = 1. This decomposition has two-fold utility.
First, the derivatives of V are all small since V is weak
and slowly varying, thus allowing for the use of pertur-
bation theory to calculate modifications to the cyclotron
motion. Second, within a Landau level the kinetic mo-
menta, (pix, piy), are rapidly oscillating relative to each
other since they form a canonical pair governed by the
SHO Hamiltonian, K(pi) = (pi2x + pi
2
y)/2. Consequently,
the products of kinetic momentum operators in the above
expansion are either rapidly varying or static, thus allow-
ing for a clear separation of time scales.
A. Landau-level projection
In light of the Taylor expansion in Eq. (17), the sim-
plest tractable approximation to the full Hamiltonian,
Eq. (14), involves neglecting all perturbative terms in
Eq. (17). This crude approximation is equivalent to the
standard procedure of Landau-level projection. Within
this approximation, the eigenstates of Eq. (14) can be
written in the form:
Ψm,n(Rx, piy) = ψm(Rx)ηn(piy), Em,n = χn + vm, (18)
where ηn and χn are defined in Eq. (10), and the guiding
center eigenfunctions are determined by
V (Rˆ) |ψm〉 = −vm |ψm〉 . (19)
This eigenequation is unusual because both canonically
conjugate operators, Rˆx and Rˆy, are a priori present with
equal priority in V . However, the nature of the eigen-
functions can be deduced from the well-known operator
equations of motion:
R˙ = i [H,R] = zˆ ×∇V (r) = −zˆ ×E(r), (20)
where E(r) = −∇V (r) is the local electric field. Us-
ing our Landau-level projection approximation, r ∼ R
and so R˙ ' −zˆ ×∇V (R), which implies that cyclotron
orbits drift along equipotentials [13]. Consequently the
FIG. 2. Equipotentials in a typical disordered material. The
red dots show random potential centers used to simulate this
example. These equipotentials are localized and closed in
the bulk while those at the boundary run along the entire
perimeter of the material. Since guiding center eigenstates
run along these equipotentials (see accompanying text), those
the bulk are localized. The extended guiding center states
along the edge are the well-known edge states, which account
for the quantized Hall conductance of a filled Landau level.
(stationary) eigenstates of Eq. (19) should also lie along
equipotentials and each cover an area of 2pi`2.
In the presence of a random disorder potential with
short range correlations, equipotentials are closed in the
bulk, thus localizing all bulk states as shown in Figure 2.
The boundary, assumed to be a steep confining potential,
has extended wavefunctions circulating along the perime-
ter. These are the so-called edge states [26]. What we
have described here is the standard non-interacting pic-
ture of bulk localization in a magnetic field. This ac-
counts for the existence of plateaus in the QHE since
the filling up of the bulk localized states does not change
macroscopic transport coefficients. The quantized value
of Hall conductance can then be derived using standard
techniques [13] when the externally applied chemical po-
tentials at the boundaries differentially populate edge
states belonging to the same set of Landau levels.
B. Beyond Landau-level projection - an effective
Hamiltonian
Next we take into account the second and higher order
terms in Eq. (17). These account for the cyclotron mo-
5tion induced ‘jitter’ in the electron’s position. Since we
have assumed that V (r) varies slowly, we can look upon
the higher order terms in Eq. (17) as location-dependent
perturbations to the cyclotron orbits. To mathematically
articulate this picture we first fix the Landau level index,
n, and the guiding center location, R, and then find the
new R-dependent kinetic momentum eigenfunction us-
ing perturbation theory. Thus, the corrections take the
form of a gradient expansion in the electric field; for the
purposes of connecting to the gravitational response of
quantum Hall states, we need to keep only the first few
terms in Eq. (17).
Since we are mainly interested in response functions,
we only need calculate the first two moments of GIV op-
erators. To this end we will use the following trick to
compactly organize the perturbation expansion. Con-
sider a quantum harmonic oscillator Hamiltonian per-
turbed by operators that are symmetrized polynomials
of the canonical pair of momentum and coordinate oper-
ators, (p, q). We keep perturbations till the third degree:
HHO = p
2 + q2
2
+ 
3∑
k=0
Sk, (21)
where Sk is a real polynomial of degree k in p and q,
and all terms that mix p and q are symmetrized. For
example, the general form of S3 is:
S3 = ap
3 + b(p2q + pqp+ qp2) + c(q2p+ qpq + pq2) + dq3,
where (a, b, c, d) are real numbers. Consider, for a
given SHO level index n, an effective quadratic Hamil-
tonian, H(n)HO, obtained by Wick-contracting each mono-
mial to terms that are either degree 1 or 2 (i.e., linear
or quadratic) in q and p; each contraction is replaced by
the expectation value in the unperturbed energy level
with index n. For example, following this procedure,
p3 → 3 〈p2〉
n
p = 3χnp, where
χn = n+
1
2
(22)
is the expectation value of p2 (or q2) in the (n + 1)st
energy eigenstate of the unperturbed SHO. Clearly, only
S3 is modified by this procedure.
The utility of this procedure is that the expectation
values of all observables which are linear or quadratic
in q and p, in the perturbed eigenstate of Eq. (21) with
index n, are obtained correctly to all orders in S0, S1
and S2, and only to linear order in S3, when calculated
using the (n+1)st eigenstate of the effective Hamiltonian,
H(n)HO. That this is true can be checked by straightforward
computation.
This key insight allows us to write down the following
effective quadratic Hamiltonian for calculating properties
of the (n+ 1)st eigenstate of Eq. (14), using the gradient
expansion in Eq. (17) and keeping up to the third order
in derivatives of V :
H(n) = piapia
2
− V (R)− (∂aV (R)) (appip)
− 1
2
(∂2abV (R)) (apbqpippiq)−
1
2
(∂3abcV (R)) (apbqcrχnδpqpir) . (23)
We have continued to use the Einstein summation con-
vention for repeated indices, and also exploited the com-
mutative property of partial derivatives. Using the iden-
tity apbq = δabδpq−δaqδpb, and substituting E = −∇V ,
H(n) = piapia
2
− V (R)
+
[
Ea(R) +
χn
2
∂a(∇ ·E(R))
]
(appip)
+
1
2
[(∇ ·E(R)) δab − ∂aEb(R)]piapib. (24)
Note that we have used 2D divergence operators. Con-
sequently, Gauss’ law cannot be applied to replace ∇ ·E
with the charge density. Ignoring corrections that are
nonlinear in the electric field, the effective Hamiltonian
can be compactly expressed as
H(n) = gab (pia −∆a) (pib −∆b)
2
− V (R). (25)
In the preceding expression, the new position-dependent
‘metric’ and divergence-free ‘drift’ corrections are, up to
third (linear) order in the derivatives of V ,
gab(R) = δab (1 +∇ ·E(R))− ∂aEb(R), (26a)
∆a(R) = ab
[
Eb(R) +
χn
2
∂b(∇ ·E(R))
]
. (26b)
As we show below, the determinant of g is responsible for
a local modulation in the cyclotron orbit energies, while
the unimodular part shears the cyclotron orbit. Thus, we
expect the unimodular metric, G = g/
√
det g, to be the
metric relevant for topological response of the quantum
Hall state [5]. A Gaussian curvature field, KG(R), can be
extracted from this unimodular metric using the Brioschi
formula [27]:
KG(R) = −∇
2 (∇R ·E(R))
4
. (27)
We will return to this expression for the curvature in a
subsequent section. We note here that an alternate line of
reasoning suggests that since gab appears in the place of
an inverse mass matrix, the choice for the spatial metric
is the inverse of G used above. This inverse choice will
change the sign of the curvature derived above, leaving
its magnitude unchanged.
In the presence of a non-uniform electric field the met-
ric is no longer proportional to identity. Instead, the
cyclotron orbit is stretched and rotated in a location-
dependent manner. To see this note that the metric can
be decomposed thus:
g =
√
det(g)
(
Λ−1
)T
Λ−1, (28)
6where Λ−1 is a real matrix with unit determinant and
composed of a shear and rotations (see below). To the
linear third order derivative of V ,√
det(g)(R) = 1 +
∇ ·E(R)
2
, (29a)
Λab(R) =
(
1− ∇ ·E(R)
4
)
δab +
∂aEb
2
. (29b)
Eq. (28) allows us to locally define a rotated and
appropriately-rescaled pair of modified kinetic momen-
tum operators:
Π = Λ−1 (pi −∆) . (30)
These operators satisfy the same commutation relations,
Eq. (3), as the original kinetic momenta. The guiding
center variables, R, also need modification to ensure that
they commute with the modified kinetic momenta:
Xa = Ra + (∂p∆a)pip − 1
2
arps (∂rΛsq)pippiq, (31)
where ∆ and Λ are evaluated at R. To third order in
derivatives of V , these modified guiding center variables,
X, commute with the modified kinetic momenta, Π, and
satisfy the GIV commutation relations, Eq. (3).
In terms of these modified GIVs, the effective quadratic
Hamiltonian for calculating properties of the (n + 1)st
eigenstate of Eq. (14) becomes that of a simple harmonic
oscillator with a position-dependent cyclotron frequency:
H(n) = ω(X)Π
2
2
− V (X), (32)
where
ω(X) =
√
det(g(X)) = 1 +
∇ ·E(X)
2
. (33)
To summarize, the (n+1)st eigenstate of this Hamiltonian
yields the correct linear and quadratic kinetic momentum
operator moments, up to linear order in the background
potential and the third order in derivatives of V (R) for a
fixed value of R. The n-dependence of this Hamiltonian
is hidden in the definitions of the locally-varying param-
eters and definitions of the altered GIVs. This approach
automatically takes into account Landau level mixing by
the electric field. For example, the local energy of a par-
ticle in the (n+ 1)st Landau level is:
En(R) =
〈
H(n)
〉
n
= ω(R)
(
n+
1
2
)
− V (R)
=
(
1 +
∇ ·E(R)
2
)(
n+
1
2
)
− V (R). (34)
The local Landau level spacing is thus modified by a non-
uniform electric field. This observable effect takes into
account Landau-level-mixing by the electric field and was
predicted earlier in [28, 29].
Before proceeding to calculate the response of other
observables to the non-uniform electric field, we use the
effective Hamiltonian in Eq. (32) to derive a simple ge-
ometric picture for the effect of the electric field on the
cyclotron orbits. (See Figure 1.) Clearly, the form of
Eq. (32) implies that the modified cyclotron orbits are
circular in Π-space. The Π coordinates were obtained
from the original kinetic momenta via the linear trans-
formation, Eq. (30), which is the combination of a shift
by∆ and a unimodular transformation, Λ−1. The trans-
formation Λ can be decomposed [30] as:
Λ = R(−θ) ·
(
λ 0
0 λ−1
)
·R(θ), (35)
where θ is the angle by which the coordinate axes need
to be rotated to ensure that ∂xEx − ∂yEy is maximized.
λ = 1 + (∂xEx − ∂yEy)max /2, where the derivatives are
evaluated in the new orientation specified by θ. Thus,
the cyclotron orbits in real space are sheared, with the
long axis aligned with the x-axis of the rotated coordinate
frame in which ∂xEx−∂yEy is maximum. The ratio of the
two axes of the elliptical orbit is given by λ2. There are
two additional modifications to the field-free cyclotron
orbits. First, an orbit at the original field-free location R
is translated by an amount δ(R) = 〈r −R〉 = zˆ×∆(R).
Second, these orbits are no longer stationary and acquire
a drift velocity vd = 〈pi〉 =∆(R) which is perpendicular
to the shift, δ(R). Figure 1 summarizes these changes
in the geometry of cyclotron orbits, when placed in an
external electric field.
C. Local observables in a non-uniform electric field
Now we consider how different observable quantities
change when a non-uniform field is switched on. Using
our geometric picture we can delineate these changes as
arising due to (i) displacement and drift i.e., (due to ∆)
and (ii) shearing of the orbits (due to an effective dis-
torted real space metric, whose effect is encapsulated in
the matrix Λ).
These calculations are succinct using the Wigner pseu-
doprobability formalism [31]. The central idea is to re-
place the quantum wavefunction, which is a function of
one coordinate from each independent canonically conju-
gate pair of variables, by the Wigner pseudoprobability
distribution, which is defined over the entire canonical
phase space.
WΨ(R,p) =
∫∫
dR
2pi
dpi
2pi
Ψ∗(Rx +R/2, piy + pi/2)×
Ψ(Rx −R/2, piy − pi/2)ei(RyR+pixpi). (36)
This formalism provides a natural framework for cal-
culations involving GIVs, since typical observables ex-
pressed using GIVs do not favor any particular compo-
nent in the canonical pair of guiding center coordinates.
7Given an operator Oˆ(R,pi), where the products of canon-
ically conjugate variables have been symmetrized, the
expectation value of Oˆ in state Ψ is found by simply
integrating the product of the Wigner function and the
classical function O(R,pi) over the Rx − Ry − pix − piy
phase space.
Within the scheme of Landau-level projection, the
Wigner function corresponding to the product wavefunc-
tions in (18) is also a product of Wigner functions in the
guiding center and kinetic momenta phase spaces:
Ψm,n(Rx, piy) = ψm(Rx)ηn(piy)
⇔Wm,n(R,p) =Wm(R)wn(pi).
Using the effective Hamiltonian, Eq. (32), we conclude
that the energy eigenstates are still of the form (18), ex-
cept that they are functions of the modifiedΠ−X phase
space coordinate pairs (which were defined in Eqs. (30)
and (31)):
Wm,n(R,p) =Wm(X)wn(Π). (37)
Since the bulk guiding center wavefunctions, ψm, form a
complete basis, we also have the following completeness
relation, correct to the third linear order in derivatives
of V : ∑
m
Wm(R) = 1
2pi
=
∑
m
Wm(X). (38)
1. Local current density - analytical approach
Following Eq. (15), we consider the local single particle
charge current density at location x,
jˆ(x) = −1
2
{pˆi, δ (rˆ − x)} . (39)
Carets denote operators and we have used the fact that
for quadratic dispersion the velocity operator is simply
the kinetic momentum.
Within a single filled Landau level with index n, the
sum of the expectation values of this operator in all
single-particle states yields the total local current den-
sity, j(n)(x). In component notation
j(n)a (x) = −
∑
m
∫∫
d2Xd2Π Wm,n(X,Π)piaδ
2(r − x)
= −
∫∫
d2Xd2Π
2pi
wn(Π)piaδ
2(r − x). (40)
The completeness relation, Eq. (38), was used to elimi-
nate the guiding center Wigner function. In this expres-
sion, pi and r are functions of X and Π, as defined in
Eqs. (30) and (31). Substituting these expressions,
j(n)a (x) = −
∫∫
d2Xd2Π
2pi
wn(Π)(ΛΠ+∆)a
× δ2 [r(Π,X)− x] , (41)
where
ra(Π,X) = Xa + ab∆b(X) + [acΛcb(X)− ∂b∆a(X)] Πb
+
1
2
arps (∂rΛsq(X)) ΠpΠq. (42)
The delta function in Eq. (41) has a zero at X = X˜:
X˜a(x) = xa − abΠb + . . . , (43)
where the ellipsis denote terms which are of the same
order of smallness as the electric field. Thus, for any
function F ,∫∫
d2Xδ2(r − x)F (X) = J−1(x)F (X˜(x)),
where J(x) is the Jacobian arising from the delta func-
tion integral:
J(x) =
∣∣∣∣det( ∂ra∂Xb
)∣∣∣∣
X=X˜(x)
= [ac∂a∆c(X) + acΠp∂aΛcp(X)]X=X˜(x)
= 1 + ac∂a∆c(x)−
(
∂2aa∆p(x)− ac∂aΛcp(x)
)
Πp+(abcpdq
2
∂3acd∆b − acbq∂2abΛcp
)
ΠpΠq. (44)
The above expression is correct to third order in deriva-
tives of E. Next,
j(n)a (x)
= −
∫∫
d2Π
2pi
wn(Π)(Λ(X˜(x))Π+∆(X˜(x)))aJ
−1(x)
= −∆a(x)
2pi
−
(
−de∂dΛac + 1
2
bcde∂
2
bd∆a
) 〈ΠcΠe〉n
2pi
+
(
dc∂dΛcb − ∂2dd∆b
) 〈ΠaΠb〉n
2pi
= −∆a(x)
2pi
− χn
2pi
(
3
2
∂2dd∆a − 2dc∂dΛac
)
. (45)
The current density can be separated into two contri-
butions. First, a contribution arising from the drift-
displacement vector, ∆:[
j
(n)
∆ (x)
]
a
= −∆a(x)
2pi
− 3
2
∂2dd∆a
χn
2pi
= −ab
2pi
[E + 2χn∇ (∇ ·E)]b . (46)
Second, another contribution involving the shear matrix,
Λ:[
j
(n)
Λ (x)
]
a
= 2dc∂dΛac(x)
χn
2pi
=
ab
2pi
χn
2
[∇ (∇ ·E)]b .
(47)
Adding these, we obtain the total current density con-
tributed by a filled Landau level with index n:
j(n)a (x) =
[
j
(n)
∆ (x)
]
a
+
[
j
(n)
Λ (x)
]
a
= −ab
2pi
[
E +
3χn
2
∇ (∇ ·E)
]
b
. (48)
8The preceding expression for linear response is correct
up to the third order in derivatives of the electrostatic
potential and agrees with previous derivations [10, 32].
It is known from field theoretical approaches [8, 10]
that the coefficient of the second term in Eq. (48) arises
from a combination of Hall viscosity and a term that orig-
inates from the swirling motion of cyclotron orbits [10].
Since the motion of cyclotron orbits is given by the drift
velocity, vd = ∆, which involves only ∆. We formulate
the following conjecture: the Hall viscosity contribution
(which is related to the gravitational coupling constant
of quantum Hall states [5, 8, 10]) is given by j
(n)
Λ (x), the
current density arising from the shearing of cyclotron or-
bits. The magnitude of j
(n)
Λ (x) matches that obtained
from the Hall viscosity contribution, thus yielding the
correct values for the Hall viscosity and gravitational re-
sponse coefficients.
2. Local charge density - analytical approach
Following Eq. (15), the single particle charge density
operator at location x is
ρˆ(x) = −δ (rˆ − x) . (49)
Within a single filled Landau level with index n, the
sum of the expectation values of this operator in all
single-particle states yields the total local charge den-
sity, ρ(n)(x). Using techniques introduced previously for
calculating the current density operator, we find:
ρ(n)(x) = −
∑
m
∫∫
d2Xd2Π Wm,n(X,Π)δ
2(r − x)
= −
∫∫
d2Xd2Π
2pi
wn(Π)δ
2(r − x)
= −
∫∫
d2Π
2pi
wn(Π)J
−1(x)
= − 1
2pi
[
1− ac∂a∆c(x)−
χn
(∇2 (ab∂a∆b)
2
− acbp∂2abΛcp
)]
. (50)
The expression above is correct to third order in deriva-
tives of the electric field. Using ρ0 = −(2pi)−1 to denote
charge density in the absence of electric field, the con-
tributions from ∆ and Λ can be separated as follows:
[
ρ(n)(x)− ρ0
ρ0
]
∆
= −ac∂a∆c(x)− χn
2
∇2 (ab∂a∆b)
=∇ ·E(x) + χn∇2 (∇ ·E) + . . .
(51a)[
ρ(n)(x)− ρ0
ρ0
]
Λ
= χnacbp∂
2
abΛcp
= −χn
4
∇2 (∇ ·E) + . . . (51b)
Adding these contributions, the local fractional change
in charge density becomes:
ρ(n)(x)− ρ0
ρ0
=∇ ·E(x) + 3χn
4
∇2 (∇ ·E) + . . . . (52)
Our result is consistent with previous calculations on the
linear response of quantum Hall states [32, 33].
The contribution (Eq. (51a)) from the orbital shift
field, ∆, can be interpreted simply in terms of the ge-
ometric picture sketched in Figure 1. The non-uniform
electric field causes the orbit at location X to shift by an
amount δ(X) = zˆ ×∆(X). Ignoring the effects of orbit
shear, this induces a coarse-grained charge polarization
field P (X) = ρ0δ(X). This polarization field induces an
excess charge ρ(x)− ρ0 = −
〈
∇ · P (X˜(x))
〉
, a standard
result in the study of electrostatics in continuous media;
the angular brackets denote an average over orbits which
contribute to the charge at x while X˜(x) was defined in
Eq. (43). Expressing P in terms of∆ and using Eq. (43),
we arrive at the ∆-contributions in Eqs. (51a) and (52).
We can obtain the contribution (Eq. (51b)) from the
shearing field, Λ, by exploiting an apparently unrelated
property of quantum Hall states. It is known that spatial
curvature induces excess charge in quantum Hall states
[5], a phenomenon we term topological gravitational re-
sponse. For the fully filled Landau level with index n,
this becomes:
δρG(x) = − κ
2pi
KG(x) ≡ ρ0χnKG(x), (53)
where KG(x) is the local Gaussian curvature and δρG
denotes the change in charge density arising due to topo-
logical gravitational response. χn is the value of the grav-
itational coupling constant, κ, associated with a fully-
filled Landau level with index n. κ is believed to be a
topologically-protected quantity which can only take up
rational fraction values.
While there is no literal real-space curvature in the sce-
nario we are considering, we have already noted that the
non-uniform electric field can induce a fictitious Gaus-
sian curvature, given by Eq. (27). Therefor, we conjec-
ture that the introduction of this curvature has the same
effect as that of a spatial curvature with the same mag-
nitude. Then it follows that the physics of topological
gravitational response contributes the following amount
to the induced charge:
δρG(x) = −ρ0χn
4
∇2 (∇ ·E) . (54)
This is exactly the value obtained from the shear contri-
bution, Eq. (51b). We have thus shown that topological
gravitational response apparently contributes to the lo-
cal charge density response of quantum Hall states in
non-uniform electric fields.
We conclude this section with the following conjec-
ture, in analogy with the connection between the current
density response and the gravitational coupling constant
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ELL- V(x)
With 1st order correction
Numerical result
FIG. 3. The variation of cyclotron orbit energy with orbit lo-
cation, x. The Landau levels are modeled by the lowest bands
in a Hofstadter model on a square lattice. The nonuniform
electric field is generated by a sinusoidal background poten-
tial, which is small compared to the inter-Landau-level energy
gap, so that the system in the linear response regime. The
brown circles correspond to the cyclotron energies obtained
via numerical diagonalization. The dashed green curve is the
sum of the Landau level energy and the local potential energy,
which is the correct energy when the electric field is uniform.
The thick blue curve corresponds to Eqs. (34) and (56), cor-
rect up to the second order in the derivatives of the electric
field. For these plots, V0/c = 0.05, k` = 0.65.
[8, 10]. We expect that the charge density response to a
non-uniform electric field should have the form:
ρ(x)− ρ0 = −∇ · P (x) + κ
2pi
∇2 (∇ ·E)
4
+ . . . , (55)
where ρ0 is the charge density in the absence of any elec-
tric field, κ is the gravitational coupling constant and
P (x) is the averaged polarization field caused by shifts
in the guiding centers.
3. Numerical checks of analytical calculations
Now we provide numerical checks for our analytical re-
sults on how local observables change as a function of a
spatially-varying electric field. To this end we construct
a Hofstadter model on a square lattice with nearest-
neighbor hopping and periodic boundary conditions in
the x-direction. To this we add a sinusoidally-varying
on-site electrostatic potential, V (x) = V0 sin kx. We use
the Landau gauge, A = Bxyˆ, yielding eigenstates which
are extended in the y-direction but localized in the x-
direction. In this system, it is natural to set the hopping
amplitude, the lattice spacing, Planck’s constant, h, and
the magnitude of electronic charge, e, to unity. In these
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1st order correction
Numerical result
FIG. 4. The spatial variation of local current density in a
nonuniform (sinusoidal) electric field. The Landau levels are
modeled by the lowest bands in a Hofstadter model on a
square lattice. The nonuniform electric field is generated by a
sinusoidal background potential, which is small compared to
the inter-Landau-level energy gap so that the system in the
linear response regime. The brown circles correspond to the
local current density values obtained via numerical diagonal-
ization. The dashed green curve is the quantized local Hall
response, which is correct when the electric field is uniform.
The thick blue curve corresponds to Eqs. (48) and (57), cor-
rect up to the second order in the derivatives of the electric
field. For these plots, V0/c = 0.05, k` = 0.32.
units, we choose the magnetic field to be B = 1/q, where
q  1. With this choice, the lowest few Landau levels
have the same characteristics as obtained for a continuum
model with quadratically-dispersing particles. Diagonal-
izing the Hamiltonian, we obtain the spatial variation of
cyclotron orbit energies, the local charge-current density
and the charge density.
Below, we use slightly modified units better-suited for
the Hofstadter model: the units of length and energy are
respectively set to the lattice spacing and the nearest-
neighbor hopping amplitude. In these units the mag-
netic length is ` =
√
q/2pi and the inter-Landau level
(cyclotron) gap, in the continuum limit, is c = 4pi/q.
For k` 1 (slowly varying potential) and V0  c (weak
potential) our results can be written as follows.
The cyclotron orbit energies (from Eq. (34)) become
the local energy of each quantum state:
En(x) =
(
n+
1
2
)
−
(
1− (k`)
2
2
(
n+
1
2
)
+ . . .
)
V0 sin kx.
(56)
In this expression, x denotes the average x-position of the
quantum state and n denotes the index of the Landau
level to which the orbit belongs. In Figure 3, we have
shown the numerical verification for this relation for the
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FIG. 5. The spatial variation of local fractional charge den-
sity modulation in a nonuniform (sinusoidal) electric field.
The Landau levels are modeled by the lowest bands in a Hof-
stadter model on a square lattice. The nonuniform electric
field is generated by a sinusoidal background potential, which
is small compared to the inter-Landau-level energy gap so that
the system is in the linear response regime. The brown cir-
cles correspond to the local charge density values obtained via
numerical diagonalization. The dashed green curve is the re-
sponse obtained correct to the second derivative in the electric
field, Eq. (51), corresponding to the nonuniform polarization
induced by cyclotron orbit shifts. The thick blue curve corre-
sponds to Eqs. (52) and (58), correct to the third order in the
derivatives of the electric field. For these plots, V0/c = 0.05,
k` = 0.49.
lowest three Landau levels.
In the presence of a potential that varies only in the
x-direction, only the y-component of the local current
density is nonzero. Its value for a filled Landau level
with index n is (using Eq. (48)):
j(n)y (x) = kV0 cos kx
(
1− 3(k`)
2
2
(
n+
1
2
)
+ . . .
)
.
A convenient observable is the total current denisty when
the first N Landau levels are completely filled. It is ob-
tained by summing the preceding expression over n =
0, 1, . . . , N − 1:
J (N)y (x) = NkV0 cos kx
(
1− 3N
4
(k`)2 + . . .
)
. (57)
We have used
∑N−1
n=0 χn = N
2/2. The expression outside
the brackets is the expected current profile for uniform
Hall conductance. In Figure 4 we have shown the numer-
ical verification of this result for the lowest three Landau
levels.
Finally, our prediction (Eq. (52)) for the change in local
charge density, δρ(n)(x) = ρ(n)(x)− ρ0, becomes:
δρ(n)(x)
ρ0
= (k`)2
(
1− 3(k`)
2
4
(
n+
1
2
)
+ . . .
)
V0 sin kx
c
.
We have used the field-free cyclotron gap, c = 4pi/q,
to scale quantities with dimensions of energy. The sec-
ond term in the bracket corresponds to the fourth-order
derivative of the potential. Previously, we provided a
conjecture for the value of its coefficient by connecting
it to the topological gravitational response of quantum
Hall states: as expected, it is found to be half the grav-
itational coupling constant. Again, a convenient observ-
able is the fractional change in the total charge density,
ρ
(N)
tot (x), when the first N Landau levels are full:
δρ
(N)
tot (x)
ρtot,N0
= (k`)2
(
1− 3N
8
(k`)2 + . . .
)
V0 sin kx
c
. (58)
In Figure 5, we have shown the numerical verification of
this relation for the lowest three Landau levels.
IV. DISCUSSION
In this work we have introduced a quantum Hilbert
space representation based on gauge-invariant variables
(GIV), defined in Eq. (1), to describe Schro¨dinger quan-
tum mechanics of two-dimensional charged particles
(electrons) in the presence of a uniform perpendicular
magnetic field. We have included a background electro-
static potential, which gives rise to a non-uniform elec-
tric field, and ignored interactions. The case with in-
teractions has been discussed elsewhere [12]. The GIV
representation is gauge-invariant, exploits the unique ge-
ometry of quantum mechanics in the presence of a mag-
netic field (captured by the GIV commutation relations,
Eq. (2)), and provides a natural quantum representation
which builds on the classical cyclotron orbit picture and
the classical motion of the orbit in an external electric
field.
Using the GIV representation we have derived a ge-
ometric picture of the response of cyclotron orbits to a
non-uniform electric field, as summarized in Fig. 1. To
recapitulate, the orbits get sheared, are shifted from their
original position, and drift in a direction perpendicular
to the shift. These modifications are characterized by an
effective shearing metric, g, and a vector field, ∆, which
controls both orbit drift and location shift; g and ∆ are
defined in Eqs. (26a) and (26b), respectively.
We have combined this geometric picture and the
Wigner quasiprobability formalism to calculate the linear
local responses to the nonuniform electric field, as gradi-
ent expansions to the second order in derivatives of the
electric field. Specifically, we calculated the the local cy-
clotron orbit energy (Eq. (34)), the local current density
(Eq. (48)), and the local charge density (Eq. (52)).
These calculations provide mechanistic insights as to
why the gravitational coupling constant (defined as κ in
11
Eq. (53)) appears in the current response to a nonuniform
electric field [8, 10]. Motivated by our calculation of the
local current density response, we were led to the conjec-
ture that the current contribution from the shearing of
the cyclotron orbit is the same as the previously-obtained
current contribution involving the gravitational coupling
constant [10]. Following this, we pursued a stronger con-
jecture – that the metric induced by non-uniform electric
fields acts upon the quantum Hall state in the same way
as a bona fide real-space metric with a Gaussian curva-
ture given by Eq. (27) – in the context of charge density
response to a non-uniform electric field. We found that
the gravitational coupling constant appears in the local
charge density response and enters the electric field gra-
dient expansion for charge response at the third order,
Eq. (55). It will be illuminating to see if this conjecture
continues to hold in other kinds of quantum Hall states,
say, the Laughlin states, for which no such calculation
exists. If the conjecture is found to hold generally, it will
have implications for improving the extended universal
effective theory of quantum Hall states, which in present
form [10] does not predict charge response to the third
order in the derivative of the electric field.
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